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Most control engineers concentrate on finding a controller gi®en the plant model or
identifying a model from the data. There is no doubt that model-based control and
system identification are closely related, simply because one depends strongly on the

(other. In this work a subspace identification algorithm for LF-LPV linear-fractional
)linear parameter-®arying models is reformulated from a control point of ®iew. This

algorithm is referred to as an inputroutput data-based predicti®e control, in which an
explicit model of the system to be controlled is not calculated at any point in the algo-
rithm. It allows for the construction of a nonlinear model predicti®e controller for an
unknown nonlinear system directly from a set of its open-loop measurements. As an
example of the inputroutput data-based predicti®e control, the styrene solution polymer-
ization in a continuous reactor system is considered to pro®e the superior performance
of LF-LPV inputroutput data-based predicti®e controller for polymer quality control.
This approach gi®es a new angle for attacking the problem of identifying and controlling
nonlinear systems.

Introduction

A good number of modern control methods use a model to
design a control system. When such a model is not available,
the design of model-based control, thus, requires a stage of
model construction. A typical reason for making a model is
to use it for control purposes. The philosophy of model-based
control is to calculate the control output as a function of the
difference between the desired output of the process and the
predicted output of the model. The control output is often
calculated as the solution of some quadratic control criterion.
Model predictive control is an example of such control meth-
ods.

Most researchers either concentrate on finding a controller
given the plant model or on identifying a model from the
data. There is no doubt that model-based control and system
identification are closely related, simply because one strongly
depends on the other. The first attempt to combine identifi-
cation and control resulted in the well-known adaptive con-
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trol methods. In this case, however, the identification algo-
rithm was originally introduced more as an afterthought than
as an integral part of the design. Several researchers started
to realize that the identification step, when designing a con-

Ž .troller, is far too important to be neglected Lee, 2000 .
Thereafter, closed-loop identification and identification for
control became common in the control community. The main
idea is that the quality of the model and, therefore, the per-
formance of the controller can be improved by alternating
closed-loop system identification and subsequent controller
design. These methods can be classified as ‘‘explicit’’ tuning
methods because a parameterized model of the plant to be
controlled is explicitly calculated. The system identification
step is in fact nothing more than a vehicle for the controller
design. Thus, the system identification step would be refor-
mulated by devising a method that allows for the calculation
of a controller directly from the inputroutput data. This sub-
ject is exactly what we are aiming for in this work.

The idea of computing an LQG controller directly from
the inputroutput data was first introduced to a technique
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Ž .called interactive feedback tuning IFT by Hjalmarsson and
Ž .collaborators 1998 . This technique is very closely related to

Ž .the prediction error method PEM in system identification.
The IFT method directly calculates the controller parameters
from the inputroutput data by minimizing the control crite-
rion similarly to the PEM. The IFT requires the solution of a
nonlinear optimization problem that is typically solved in an
iterative way. In this work, we explore how the subspace
identification method is related to the model-predictive con-
troller design. The difference between the IFT controller de-
sign, and the subspace-based controller design parallels the
difference between the PEM based on criterion minimization
and the subspace identification based on projections. The ad-
vantages and disadvantages of these identification methods
are transported from the realm of identification to the realm
of control design in terms of optimality, parametric vs. non-
parametric methods, and local minima vs. uniqueness of the

Ž .solution van Overschee and de Moor, 1996 .
Industrial control systems are very often designed on the

basis of linear models. When a process is stable and working
around a small region of a fixed operating point, one can
indeed assume that it can be approximated by a linear sys-
tem. Especially in the chemical industry, however, processes
are strongly nonlinear and the operating point can change
frequently and considerably. A typical example is the startup
procedure of a distillation column or a chemical reactor.
Controlling such a system with a linear model-based con-
troller might lead to poor control performance or even insta-
bility. A solution could then be achieved by using nonlinear
models that can be applied in a larger region around several
operating points.

In this work, we introduce a method based on a linear pa-
rameter-varying prediction model for designing a nonlinear
model-predictive controller directly from the measured input

Ž .and output data. Linear parameter-varying LPV models are
interesting, since on the one hand they are much easier to
analyze than general nonlinear models, while on the other
hand they are more general than linear models. One could
conclude by saying that LPV models are a good compromise
between the accuracy of general nonlinear models and the
mathematical tractability of linear models.

Linear Parameter-Varying Systems
During the last two decades, there has been an increasing

interest in developing systematic, theoretically rigorous tech-
niques for analyzing and designing gain-scheduled control
systems for nonlinear plants. Despite the past success of gain
scheduling in practice as a nonlinear control technique, little
has been known theoretically about the subject. Moreover,
the design of the actual gain-scheduled control systems is
more of an art than a science. During the late 1980s, Shamma

Ž .and Athans 1991, 1992 introduced LPV systems as a tool
for quantifying such heuristic design rules as ‘‘the scheduling
parameter must vary slowly’’ and ‘‘the scheduling parameter
must capture the nonlinearities of the plant.’’ This has stimu-
lated a great deal of research on LPV systems. These works
are related by the use of various types of LPV representa-
tion. Employing the velocity-based framework, Leith and

Ž .Leithead 1998 showed that every smooth nonlinear system
Ž . Ž .of the form xsF x,u , ysG x,u can indeed be trans-˙

formed into an LPV form. This reformulation is valid for a
very general class of nonlinear systems, and it is emphasized
that the LPV representation is valid globally without restric-
tion.

In the literature, the term ‘‘linear parameter-varying’’ is
widely employed to refer to any system of the form

x s A � x qB � uŽ . Ž .kq1 k k k k

y sC � x qD � u 1Ž .Ž . Ž .k k k k k

where � is a scheduling parameter belonging to some classk
�, xg� nŽs r0 . is the state vector, ug� m is the input vector,
and yg� l is the output vector. Although superficially simi-
lar, it is emphasized that the dynamic characteristics of the

Ž .system Eq. 1 are strongly dependent on the class � to which
the parameters belong. In particular, when � is permitted tok
depend on the state x , the dependence of the system matri-k
ces on the state introduces nonlinear feedback absent in the
linear time-invariantrtime-varying system. Consequently, in
some literature, systems where � may depend on the statek
are referred to as quasi-LPV systems, while the term LPV is
referred to as systems in which � is a strictly exogenousk

Žtime-varying quantity strictly independent of the state of the
.system .

Parameter dependence of LPV systems
ŽIn LPV systems, it is assumed that the parameter and,

.possibly, its rate of variation , although not known a priori, is
on-line measurable. In order to make theoretical problems
tractable, it is often necessary to introduce additional as-
sumptions regarding the way in which � enters the state-k
space matrices. The most common assumptions are as fol-
lows:

� Affine parameter dependence: The parameter-varying
state-space matrices are affine in � , so thatk

s

A � s A q � A 2Ž .Ž . Ýk 0 k , i i
is1

Ž . Ž . Ž .and similar expressions exist for B � , C � , and D � .k k k
� Multi®ariate polynomial parameter dependence: The plant

Ž .model Eq. 1 has the state-space matrices whose elements
are multivariate polynomial functions in � , � , . . . , �k,1 k ,2 k , s
with coefficients in �. In this case, the state-space matrices
have a natural formal series expansion of the form

p

A � s A q m A 3Ž .Ž . Ýk 0 i i
is1

where m are monic monomials of the form � k1 , � k2 , . . . ,i k,1 k ,2
� ks , with k , k , . . . , k g�. This form readily extends to ak, s 1 2 s
more general case in which m can represent a nonlinear ba-i
sis function in some other collection of time-varying parame-
ters.

� Multi®ariate rational parameter dependence: The state-
space matrices are multivariate rational functions of � . Thek
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rational system models, defined as the ratio of two multivari-
ate polynomial expansions, are able to approximate mathe-
matical functions to the same degree of accuracy with a
smaller number of terms.

� Linear-fractional parameter dependence: For some time-
varying parameters � g� s, we assume that the parameterk
dependence has the form

A � B � A BŽ . Ž .k k x x xs ž /C Dž /C � D �Ž . Ž . xk k

Ax z y1q � q I y A � q A B 4Ž .Ž . Ž .k r z z k z x zž /Cz

where q is a shift operator and

� Ik ,1 r1 s. r�r.� s g� , rs r 5Ž .Ý.k i
is1� 0� Ik , s rs

and

A A Bz z z x z

A A BMs 6Ž .x z x x x� 0C C Dz x

The system dynamics is therefore equivalent to

x A A B xkq1 x x z x x k

z A A B wskq1 x z z z z k� 0 � 0 � 0y C C D uk x z k

w s� z 7Ž .k k k

Given exact or approximate expressions for the state-space
Žmatrices as multivariate polynomials andror rational func-

.tions , we can represent the plant using a linear-fractional
Ž .transformation LFT . The modeling problem reduces to

finding suitable block dimensions r , . . . , r for � and con-1 s k
stant, compatible dimension matrix M. This problem is iden-

Žtical to a multidimensional system realization problem Bose,
.1982 .

In this work, we refer to the LPV systems with the linear
fractional parameter dependence as LF-LPV systems, and use
the LF-LPV models as a tool for nonlinear system modeling.

An inputrrrrroutput description of LF-LPV systems
Consider a class of systems, each of which can be repre-

sented as an LFT on some time-varying block structure DDk
Ž .sdiag I q, � q , that isn k

y sFF MM , DD u 8Ž .Ž .k u k k

in which FF is an upper LFT operator and the system real-u
ization MM is partitioned according to the block structure

A A ��� A B00 01 0 s 0
. . . .. . . . AA BB. . . .MMs s 9Ž .ž /CC DDA A ��� A Bs0 s1 s s s� 0

C C ��� C D0 1 s

Using a doubly indexed set of matrices A , we definepq

A0q

A1q
A A ��� AAA s and AA s 10. Ž .p0 p1 p sŽ .� q p�..� 0Asq

As in linear systems, it is possible to find an inputroutput
equation relating different data matrices. This equation is
fundamental for subspace identification since it permits us to
see how the state can be expressed as linear combinations of
the past and future input and output. In order to derive an

ŽŽ . jy1Ž .inputroutput equation, we introduce the sq1 nq r �
.1 vector of state trajectory as

xqqjy2 � q
x s s� mx 11Ž .qqjy1 � q qq jy1 � q q � q� mxž /qqjy1 qq jy2 � q

where m denotes the Kronecker product and

�qqjy2 � q
� s 12Ž .qqjy1 � q � m�ž /qqjy1 qq jy2 � q

Ž T T .Twith x s x w and � s1. In what follows we alsoq � q q q q � q
w jy1 Ž . p xintroduce the Ý sq1 m�1 vector of stacked input asps0

uqqjy1 � q

uqqjy1 � qq1
u s 13. Ž .qqjy1 � q ..� 0uqqjy1 � qq jy1

where

uqqjy2 � qq�
u sqqjy1 � qq� � muž /qqjy1 qq jy2 � qq�

s� mu 14Ž .qqjy1 � qq� qq� � qq�

with initial condition u su . Similarly, define theqq� � qq� qq�

vector of stacked output y . Based on the previouslyqqjy1 � q
defined vectors, the state-transition equation can be derived
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Ž .from the system description Eq. 7 as follows:

x xqq1 q
s AA diag I ,� q BBun q qz zž / ž /qq1 q

s AA x q PP uq � q q � q1^̀ _ ^̀ _
1AA PP1

s AA1x q PP1uq � q q � q

x xqq2 qq1
s AA diag I ,� q BBun qq1 qq1z zž / ž /qq2 qq1

1 1s AA diag I ,� AA x q PP u q PP uŽ .n qq1 q � q q � q 1 qq1 � qq1

uqq1 � q1 1s AA diag AA , . . . , AA x q PP PPŽ .qq1 � qs � 2 10� ž /u^ ` _ qq1 � qq1^ ` _
22 PPAA

s AA2 x q PP2uqq1 � q qq1 � q

...

from which we obtain

xqqj j js AA x q PP u 15Ž .qqjy1 � q qq jy1 � qzž /qqj

where

PPj0

PPj1
PP s , PP s AA PP AA PP ��� AA PP 16. Ž .Ž .j jq1 �0 j0 �1 j1 � s js..� 0

PPjs

j jy1 jy1AA s AA diag AA , . . . , AA 17Ž .0� s�

PP js PP ��� PP 18Ž .Ž .j 1

In addition, the state trajectory is related to the input and
output data through the following inputroutput equation

y s� j x qHH juqqjy1 � q qq jy1 � q qq jy1 � q

s� j� mx qHH ju 19Ž .qqjy1 � q q � q qq jy1 � q

in which we introduce the block matrices

� jy1

jy1� . .j� s 20Ž ..
jy1�� 0

jy1 jy1 jy1C AA C AA ��� C AA0 0� 1 1� s s�

HH jy1

jy1HH . .jHH s 21Ž ..
jy1HH� 0

jy1 jy1 jy1C PP C PP ��� C PP D0 0� 1 1� s s�

with �1sCC and HH1sD.

Matrix inputrrrrroutput description of LF-LPV systems
Block Hankel matrices play an important role in subspace

identification algorithms. These matrices can be easily con-
structed from the given inputroutput data. Suppose we are
given measurements of y , u , and � for ks1, 2, . . . , 2 jqk k k
Ny1. For LF-LPV systems, we define the input block Han-
kel matrices as

u u ��� uU s j �1 jq1 �2 jqNy1 � NŽ .p

u u ��� uU s 22Ž .2 j � jq1 2 jq1 � jq2 2 jqNy1 � jqNŽ .f

Here the number of block rows, j, is a user-defined index
that is large enough. It should at least be larger than the
order of the system one wants to identify. Note that U con-p

ŽŽ . j .sists of sq1 y1 mrs rows. The output block Hankel ma-
trices Y and Y are defined in a similar way. State trajectoryp f
X is defined asj �1

x x ��� xX s 23Ž .j �1 jq1 �2 jqN � NŽ .j �1

Analogously to U and Y , we divide the state trajectory intop p
two parts, X and Xp f

X s X and X s X 24Ž .p j �1 f 2 j � jq1

Using the inputroutput Eqs. 15 and 19, the measurements
can be modeled by the matrix inputroutput equations

Y s� jX qHH jUp p p

Y s� jX qHH jUf f f

X s AA jX q PP jU 25Ž .jq1 � jq1 p p

The derivation of the preceding equations is quite straight-
forward and very similar to the matrix inputroutput equa-
tions for a linear system.

In what follows we use the truncated linear output Hankel
matrix

y y ��� yjq1 jq2 jqN

y y ��� yjq2 jq3 jqNq1lY s 26. Ž ..f . . ..� 0y y ��� y2 j 2 jq1 2 jqNq1
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and then deliberate over the truncated matrix inputroutput
equation

l ˘ j ˘ jY s� X qHH Uf f f

˘ j ˘ js� � � X qHH U 27Ž .f jq1 � jq1 f

where

� � ��� �� s 2 j � jq1 2 jq1 � jq2 2 jqNy1 � jqNŽ .f

and � is the Khatri�Rao product defined as the column-wise
Kronecker product of two arbitrary matrices Fg� f�h and
Gg� g�h

F �Gs f mg ��� f mgŽ .1 1 h h

The matrix inputroutput equations derived in this subsection
are particularly interesting, since they allow for the direct cal-
culation of the controller parameters with the inputroutput
data in the next section.

Approximate matrix inputrrrrroutput description of LF-LPV
systems

Let us first look for a linear subspace that approximately
contains the state sequence X . The idea is to replace thep

ˆunknown state sequence X with an estimate X from a lin-p p
ear optimal state observer. Let

X̂ sK Y qK U 28Ž .p 1 p 2 p

be the linear optimal estimate of X . The estimate of futurep
state sequence X is, thus, derived asf

ˆ ˆ j jX s� � X s� � AA K Y qK U q PP UŽ .Ž .f f jq1 � jq1 f 1 p 2 p p

Ypj j js� � AA K � AA K q PP 29Ž .Ž .f 1 2 Už /^ ` _ p
^`_K

Wp

The estimation error is then orthogonal to the block Hankel
matrices Y and U . Using Eqs. 27 and 29, the observationp p
can be modeled by the matrix equation

l ˘ j ˘ jY ,� � � KW qHH U sL � �W qL U 30Ž .f f p f 1 f p 2 f

Input/////Output Data-Based Predictive Control for
LF-LPV Models

As an alternative to ‘‘full-fledged’’ nonlinear model-predic-
tive control, we introduce a different model-predictive con-
trol algorithm that uses linear-fractional linear parameter-

Ž .varying LF-LPV prediction models originated from the LF-
Ž .LPV subspace identification method Yoo, 2000 . In this way,

the problem setup of the standard nonlinear model-predic-
tive control approach is avoided, the performance analysis

may be simplified, and the computational efficiency is signifi-
cantly improved. When compared with the standard local lin-
earization-based model-predictive control that uses linear
time-invariant prediction models, the inputroutput data-
based predictive control using the LF-LPV prediction model
provides more accurate approximations to the true nonlinear
system, resulting in a performance closer to that of nonlinear
model-predictive control.

LF-LPV prediction model along the parameter trajectories
Assume that the parameter pretrajectory, or the so-called

nominal trajectory, over the prediction horizon, N , given byp

� � ��� �� s 31tq1 tq2 tqN Ž .pf ž /
can be determined by some means. The actual trajectories
can be measured at real time. The LF-LPV prediction model
is given by Eq. 1, for which the system matrices are defined
by Eq. 4.

For the design of predictive controller, the subspace identi-
fication problem of LF-LPV systems can be interpreted as
follows: given the past input and output block Hankel matri-
ces, W , and the future input block Hankel matrix, U , withp f
the measurable scheduling parameters, � , find an optimalk
prediction of the future output, Y l. If we use an LF-LPVf
predictor

Y l,L � �W qL U 32Ž .f 1 f p 2 f

where

y y ��� yN q1 N q2 N qNu u u

y y ��� yN q2 N q3 N qNq1u u ul .Y s 33Ž .f ..� 0y y ��� yN qN N qN q1 N qN qNy1u p u p u p

� � ��� �� s N qN � N q1 N qN q1 � N q2 N qN qNy1 � N qNu p u u p u u p uf ž /
34Ž .

y y ��� yY N �1 N q1 �2 N qNy1 � Np u u u
W s s 35Ž .p U u u ��� už / ž /p N �1 N q1 �2 N qNy1 � Nu u u

u u ��� uU s N qN � N q1 N qN q1 � N q2 N qN qNy1 � N qNu p u u p u u p uf ž /
36Ž .

ˆ l lthe least-square prediction Y of Y can be found from thef f
following least-square problem

2
� �Wf plmin Y y L L 37Ž .Ž .L , L f 1 21 2 Už /f

F

The solution to this problem is the orthogonal projection of
the row space of Y l into the row space spanned by � � Wf f p
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and U , that isf

� �Wf pl l l lŶ sY r sY r � �W qY r U , 38Ž .f f f U f p f � � W ff f pUž /f ^ ` _ ^ ` _
L � �W L U1 f p 2 f

for which the orthogonal and oblique projections are ex-
plained in the Appendix.

Ž .The numerical implementation of the projection Eq. 38
can be done in a very efficient way with a QR decomposition

� �W TQf p R 111
TU R R Qf s 39Ž .21 22 2� 0l � 0T� 0 R R RY 31 32 33 Qf 3

By denoting

†
R11R RLs 40Ž .31 32Ž . ž /R R21 22

where the symbol † denotes the pseudoinverse, it is easy to
show that Eq. 38 can be rewritten as

� �W � �Wf p f pl lŶ sY r sL 41Ž .f f U Už / ž /f f

Using the Matlab notation, we have

N y1 Np uL sL :, 1: lqm sq1 sq1 y1 rs ,Ž .Ž . Ž .Ž .Ž .1

N y1 Np uL sL :, lqm sq1 sq1 y1 rsq1: endŽ .Ž . Ž .Ž .Ž .2

42Ž .

In the linear case, the parameter vectors, � andˆ ˆN qN q jy1 � N q ju p uˆ� js1, . . . , j, are reduced to 1, and then L and Lˆ ˆN q jy1 � j 1 2u

are given by

L sL :, 1: lqm N ,Ž .Ž .1 u

L sL :, lqm N q1: end 43Ž . Ž .Ž .2 u

Two matrices, L and L , will play important roles in the1 2
next subsection where the link between subspace identifica-
tion and model-predictive control is made. It will be shown
that they are of direct relevance in the design of the model-
predictive controller.

The optimal predicted output sequence y l can be ex-f̂
pressed as

y l sL � mw qL u 44Ž .f̂ 1 tqN � tq1 p 2 fp

where

y° ¶t � tyN q1u
...uŷ tqN � tq1tq1 p y. . t � tl . .y s , u s and w sˆ .f f p. ut � tyN q1u� 0 � 0ŷ utqN .tqN � tqNp p p ..¢ ßut � t

45Ž .

Inputrrrrroutput data-based predicti©e controller
Applying the LF-LPV prediction model, the original non-

linear model-predictive control optimization setup can be
transformed into the following

Np

min l y � , u � 46w x Ž .Ž . Ž .Ýu q1, . . . , u qN tqk tqk tqk tqkt t p
ks1

subject to the LPV model dynamics

x s A � x qB � uŽ . Ž .kq1 k k k k

y sC � x qD � uŽ . Ž .k k k k k

and also subject to the constraints

c y � , u � F0, ks1, . . . , N 47Ž .Ž . Ž .Ž .tqk tqk tqk tqk p

If the performance index is chosen to be quadratic and the
constraints are linear, then the preceding optimization can be

Ž .reduced to a series of quadratic programming QP problems
in company with the update strategy of the information about
future parameter trajectory.

Instead of minimizing the performance index in the classic
way, we start from the inputroutput equation. The future ref-
erence trajectory, r , and the future input sequence, u , aref f
defined as

r utq1 tq1

r utq2 tq2
. .r s and u s 48Ž .f f. .. .� 0 � 0r utqN tqNp p

For the purpose of reducing the computational complexity, it
is very common to introduce constraints on the future con-
trols. An often-used approach is to assume that control incre-

Ž .ments are equal to zero after N FN steps, that isu p

� su yu s0, k� N 49Ž .u tqk tqky1 utqk

It is well known that this also has the effect of producing less
aggressive controllers. The quantity N is usually referred tou
as the control horizon. Taking into account the fact that the
control horizon, N , typically is shorter than the predictionu
horizon, N , and that Eq. 49 is required, one can express up f
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as follows

utq1

utq2
.u s�u s� 50Ž .f f ..� 0utqNu

where

I 0 ��� 0° ¶m

0 I ��� 0m
. . ... . . ... . .

�s
0 0 ��� Im
. . .. . .. . .¢ ß0 0 ��� Im

The sequence of control increments can also be expressed in
vector form

�u sDu yu 51Ž .f f t

by introducing the auxiliary quantities

I 0 ��� 0m ut..y I I 0m m . .Ds and u s. . t .. .0 0 .. . � 0� 0 00 ��� y I Im m

Then the optimal control criterion can be written as

Tl l Tˆ ˆJs r y y Q r y y qu RuŽ . Ž .f f f f f f

T
ˆq Du yu R Du yu 52Ž .ž / ž /f t � f t

where

ˆ Np l�Np lQsdiag Q ��� Q g�Ž .
ˆ Nu m�Nu mRsdiag R ��� R g�Ž .

ˆ Nu m�Nu mR sdiag R ��� R g� 53Ž .Ž .� � �

and the input sequence u for the prediction inputroutputf
equation and the input sequence u for the control optimiza-f
tion have the following relation

� mItqN � tq1 mp

� mItqN � tq2 mp
u s .f . .� 0� mItqN � tqN mp p

utq1

utq2
. ˆ ˆ� s� u s� �u 54Ž .tqN � tq1 f tqN � tq1 f. p p.� 0utqNp

For the unconstrained case, the minimizing control se-
quence is obtained explicitly by means of the ordinary least-
square theory with the information about future parameter
trajectory. For the constrained case, the linear constraints
Ž .Eq. 47 can be reformulated as

Cu Fc 55Ž .f

where

1 muN maxI uN �mu

y1 muN miny I uN �muCs and cs 56Ž .
1 m�u quN max tuD� 0 � 0y1 m�u yuyD N min tu

In the next subsection, we derive a series of QP problems
that can be efficiently solved by using standard numerical op-
timization software with the updated strategy about the in-
formation of future parameter trajectory.

Implementation algorithm
The inputroutput data-based predictive controller can now

be implemented by performing the following procedure for
the optimization and updating of nominal trajectories at each
sampling time t:
Ž .1 Find a nominal future parameter trajectory for time

step t

� � ��� �� s tq1 tq2 tqNpf ž /
Ž .2 Compute the control moves

T
T T Tu u ��� uu s tq1 tq2 tqNf ž /u

by solving the optimization problem of the predictive control
setup.
Ž .3 Update the current parameter trajectory on the basis

of the updated future process information y l and u withinf̂ f
the prediction horizon. If the future parameter trajectory
converges, go to step 4; otherwise go to step 2.
Ž .4 Implement the first control move u .tq1
Ž .5 Define a future nominal parameter trajectory for the

next sampling time t� as follows

� � s�t q1 tq2

� � s�t q2 tq3
...
� � s�t qN y1 tqNp p

� � s� 57Ž .t qN tqNp p

In order to construct the proposed controller, we have to
choose the scheduling parameters to capture the nonlinearity
of the system. Nonlinear controllers use a variety of nonlin-
ear models to capture the nonlinearity of the system, and the
nonlinear models can be constructed by using the inputrout-
put data. In general, the inputroutput data are on-line mea-
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surable or estimated by some experimental correlations. One
can also use some combinations of the inputroutput variables
as the scheduling parameters. If the inputroutput variables
for the controller design have an almost linear relationship, it
is sufficient to employ a linear controller for the control of
that system and there is no need for any scheduling parame-
ters. However, when the inputroutput variables have a severe
nonlinear relationship, we must use a nonlinear controller. In
such a case we can choose the scheduling parameters among
the inputroutput variables or from combinations of the in-
putroutput variables to capture the nonlinearity. The selec-
tion of the scheduling parameters is more of an art than a
science.

In this section we have presented an algorithm for the cal-
culation of the inputroutput data-based predictive controller
on the basis of the inputroutput data, only without any ex-
plicit plant-model calculation. Although the derivation is
based on expressions from the subspace identification theory,
the controller implementation bypasses the identification
step. Given the inputroutput data of the system, one can di-
rectly derive the controller parameters by the single-step QR
factorization.

Examples: Quality Control in a Continuous Styrene
Solution Polymerization Reactor

Our goal here is to study the control of polymer quality
such as conversion and weight average molecular weight in a
continuous styrene solution polymerization reactor to corrob-
orate the performance of the proposed control algorithm.

Plant description
The plant under consideration is a styrene solution poly-

merization reactor in a continuous operation mode. In order
to perform the simulation study, we consider the reactor
model in which the styrene solution polymerization occurs.
The reaction kinetics is assumed to follow the free-radical
polymerization mechanism. The method of moments is
adopted to calculate the number average molecular weight
Ž . Ž .M and the weight average molecular weight M . The dy-n w
namic behavior of the continuous reactor is described by the

Ž .first-principles model in Na and Rhee 2000, 2002 , with the

Figure 1. Continuous styrene solution polymerization
reactor.

physical properties and kinetic parameters reported in their
Ž .works Yoo et al., 1999; Na and Rhee, 2000, 2002 . The em-

Ž .pirical gel effect correlation by Hamer et al. 1981 is in-
cluded in the reactor model. This polymerization reactor
model was developed for the description of an experimental
CSTR system for styrene polymerization.

Figure 1 shows the continuous styrene solution polymeriza-
tion reactor. Reactants are fed to the reactor at the top. The
produced polymer and the unreacted reactants are with-
drawn at the bottom of the reactor. The input and output
variables and the scheduling parameter are chosen as fol-
lows:

� Inputs: The manipulated inputs are the feed flow rate,
q , and the jacket inlet temperature, T which are rangedf j, i n
from 0.005 to 0.030 Lrmin and from 55 to 85	C, respectively.

� Outputs: The outputs to be controlled are the monomer
conversion X and the weight average molecular weight M ,w

Žwhich are measured on-line by using appropriate devices for
.example, densitometer and viscometer and correlations.

Sampling times for the measurement of conversion and weight
average molecular weight are 1 min.

� Parameter: The selected scheduling parameter is the
jacket inlet temperature, T . In the case of the lab-scalej, i n
polymerization reactor considered, the jacket inlet tempera-
ture follows closely the temperature inside the reactor due to

Figure 2. Input and output data sequences for identify-
ing controller parameters L and L .1 2

September 2002 Vol. 48, No. 9 AIChE Journal1988



the high heat-transfer efficiency. Hence, the jacket inlet tem-
perature is good enough to capture the nonlinearity of the
reactor system.

Simulation results
The inputroutput data-based predictive control was ap-

plied to the styrene solution polymerization reactor. Figure 2
presents the inputroutput data sequence used for the identi-
fication of the controller parameters L and L . The sam-1 2
pling period is 1 min. The input signals were drawn from a
uniform distribution with four levels. The pseudorandom
four-level input signals excite nonlinear modes that pseudo-

Ž . Ž .random binary signals PRBS cannot Na and Rhee, 2000 .
Because of these features, we use the four-level input signals
rather than the PRBS. The output data against the pseudo-

Figure 3. Servo performance of the linear input/////output
data-based predictive controller for step
changes in the setpoints for conversion and

( )molecular weight: Q = diag 1,1 and R =�

( )diag 1,1 .

random four-level input signals are obtained by the mathe-
matical model. In Figure 2, the lower two diagrams show the
inputs used in the identification of L and L , while the up-1 2
per two diagrams present the outputs calculated by the non-
linear reactor model.

In the upper two diagrams of Figure 3, the profiles of the
controlled outputs in the case of the linear inputroutput

Ž .data-based predictive controller Song et al., 2001 are pre-
sented when there are step changes in the setpoints for the
conversion and the weight average molecular weight. Also,
the corresponding profiles of the reactor temperature, the
jacket inlet temperature, and feed flow rate are shown. The
sampling time of the discrete time control is 1 min, and the
prediction horizon and control horizon are chosen to be 15
and 7 min, respectively. The best controller tuning parame-
ters have been selected by trial-and-error methods. Here we

Figure 4. Servo performance of the LF-LPV input/////output
data-based predictive controller for step
changes in the setpoints for conversion and

( )molecular weight: Q = diag 5,5 and R =�

( )diag 2,2 .
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observe the offsets in both the conversion and the weight av-
erage molecular weight for a certain setpoints pair. This has
happened because the linear inputroutput data-based predic-
tive controller cannot suitably deal with the nonlinear fea-

Ž .tures of the polymerization reactor system Song et al., 2001 .
Figure 4 shows the performance of the LF-LPV inputrout-

put data-based predictive controller for step changes in the
setpoints for the conversion and the weight average molecu-
lar weight. The prediction horizon and control horizon are
chosen to be 6 and 3 min, respectively. From this figure, we
observe that the LF-LPV inputroutput data-based predictive
controller performs satisfactorily without offset for the con-
trol of the conversion and the weight average molecular
weight. This indicates that the LF-LPV model structure can
deal with the nonlinear characteristics of the polymerization
reactor efficiently.

Conclusions
In this work, as an alternative to ‘‘full-fledged’’ nonlinear

model-predictive control, we introduce a different model-
predictive control algorithm that uses an LF-LPV prediction
model, and a subspace identification algorithm for LF-LPV
models is reformulated from the control point of view. The
proposed LF-LPV model-based controller is a sort of gain-
scheduled control algorithm for nonlinear plants, and we use
such heuristic design rules as ‘‘the scheduling parameter must
capture the nonlinearity of the system and be on-line measur-
able to construct the control system.’’ Those are common re-
quirements for the gain-scheduled controller.

We refer to the proposed algorithm as the inputroutput
data-based predictive controller, in which an explicit model
of the system to be controlled is not calculated at any point
in the algorithm. The proposed algorithm allows for the con-
struction of a nonlinear model-predictive controller of an un-
known nonlinear system, directly from a set of open-loop
measurements of that system. As an illustrative example of
the inputroutput data-based predictive control, we consider
the styrene solution polymerization in a continuous reactor
system and prove the superior performance of the LF-LPV
inputroutput data-based predictive controller for polymer
quality control.

The proposed approach gives a new angle for attacking the
problem of identifying and controlling nonlinear systems. It is
evident that the design method needs to be analyzed more
thoroughly. For instance, the problem of controller reduction
and the closed-loop scheme are needed from a practical point
of view. The stability issue is also very important.
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Appendix: Orthogonal and Oblique Projections
Orthogonal and oblique projections of the row space of

matrices are a commonly used tool in subspace identification.
Suppose we are interested in the projection of the row space
of AAg� p�j, BBg� q�j, and CCg� r� j.

� Orthogonal projection: The orthogonal projection of the
row space of AA into the row space of BB is defined as

AArBB� AABB†BBsL BBBB

� Oblique projection: The oblique projection of the row
space of AA into the row space of BB along the row space of
CC is denoted by AAr BB. This oblique projection can be inter-CC

preted through the following recipe: Project the row space of
AA orthogonally on the joint row space of BB and CC and de-
compose the result along the row space of BB. This leads to
the following definition for the oblique projection

†
BB

AAr BB� AA BBCC ž /CC Ž .:,1 :q

We also have

BB
AAr s AAr BBq AAr CCCC BBž /CC
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